Abstract. In this paper, we develop and study the theory of weighted fundamental groups of weighted simplicial complexes. When all weights are 1, the weighted fundamental group reduces to the usual fundamental group as a special case. We also study weighted versions of classical theorems like van Kampen's theorem. In addition, we discuss some applications of the weighted fundamental group to biology and biochemistry.
Introduction
Weighted structures, such as weighted graphs, are common in mathematics. The addition of weights to a mathematical object often adds new information to the object. Other than weighted graphs, weights have also been considered on hypergraphs [13, 17, 23] and simplicial complexes [5, 21, 22, 29] .
The fundamental group is an important topological invariant. In this paper, our goal is to study the weighted fundamental group of a weighted simplicial complex. Intuitively, the weighted fundamental group should contain information about the weights of the simplicial complex. In addition, the weighted fundamental group should reduce to the usual fundamental group as a special case. Ideally, the weighted fundamental group should also satisfy (weighted versions of) classical theorems like van Kampen's theorem. We show that our definition of the weighted fundamental group fulfills the above requirements. Our approach is to modify the description of fundamental groups using maximal trees, by introducing weights.
To our knowledge, there is no existing literature on weighted fundamental groups of weighted simplicial complexes. In [4] , a weighted combinatorial group theory is defined, however this is in another context of omega-groups [25] and wild spaces, which the authors define to be metric spaces with arbitrarily small essential features. Weighted (co)homology of simplicial complexes has been previously studied in [5, 21, 22, 29] .
Weighted Fundamental Group
In this paper, we let K be a path-connected simplicial complex, and let A be a fixed maximal tree in K. We let the set of vertices of K be totally ordered (for instance we may index the vertices by the set of natural numbers).
Definition 2.1 (Weighted simplicial complex). Let w be a function from the 1-simplices of K to Z. We call w a weight function. For a 1-simplex σ ∈ K, we say that w(σ) is the weight of σ. We call the triple (K, w, A) a weighted simplicial complex, or WSC for short.
We define a group π 1 (K, w, A) combinatorially as follows. We call π 1 (K, w, A) the weighted fundamental group of K induced by the weight function w and the maximal tree A. Theorem 2.3. When w(σ) ≡ 1 for all 1-simplices σ ∈ K, π 1 (K, w, A) is isomorphic to the usual fundamental group π 1 (K, v 0 ), where v 0 is a vertex of the path-connected simplicial complex K.
Proof. When w(σ) ≡ 1 for all 1-simplices σ ∈ K, Definition 2.2 reduces to a wellknown combinatorial description of the usual fundamental group (cf. [1, pp. 133-135] , [12, p. 240 
]).
Remark 2.4. It is well known that if K is path-connected, the group π 1 (K, v 0 ) is, up to isomorphism, independent of the choice of basepoint v 0 (cf. [11, p. 28] ). Hence, in this case we may use the abbreviated notation π 1 (K) to denote π 1 (K, v 0 ).
We show some examples where π 1 (K, w, A) is different from the usual fundamental group π 1 (K). We write w ij for w(v i v j ) and g ij for g vivj . We write Z/n for the cyclic group Z/nZ. We use the notation * i∈I G i to denote the free product of a family of groups {G i } i∈I .
Example 2.5. Let K be the simplicial complex (homotopy equivalent to the circle S 1 ) shown in Figure 1 , where the maximal tree A is marked in bold. Figure 1 . The simplicial complex K with maximal tree A (marked in bold).
By definition,
In particular, if w 01 = ±1 or w 12 = ±1, then π 1 (K, w, A) ∼ = π 1 (K) = Z. Remark 2.6. By observing Example 2.5, we can see that the weighted fundamental group depends on the choice of maximal tree. For instance, if
} is chosen as the maximal tree of K, then
Example 2.7. Let L be the 2-simplex shown in Figure 2 , with maximal tree A marked in bold.
The simplicial complex L with maximal tree A (marked in bold).
We have
(2.1)
In particular, if any of w 01 , w 02 , w 12 is not equal to
Theorem 2.8. Let (K, w, A) be a weighted simplicial complex such that for each 2-simplex avb ∈ K, exactly 2 of the 1-simplices ab, av, vb lie in the maximal tree A.
Then,
Z/w(ab) * * ab∈K\A and ab is a face of some 2-simplex of K Z/w(ab) * * ab∈K\A and ab is not a face of any 2-simplex of K
Z.
Proof. Each generator g ab of π 1 (K, w, A) falls into 1 of the following 3 cases:
(1) If ab ∈ A, then g ab satisfies the relation g w(ab) ab = 1. (2) If ab ∈ K \ A, and ab is a face of some 2-simplex avb ∈ K, then g ab satisfies the relation g w(ab) ab = 1, since necessarily av and vb both lie in A and hence g w(av) ab = g w(vb) vb = 1. (3) If ab ∈ K \ A and ab is not a face of any 2-simplex of K, then g ab does not satisfy any relation. We observe that the generators g ab do not satisfy any other relation, other than the relations listed above.
Hence,
w(ab) ab = 1 * * ab∈K\A and ab is a face of some 2-simplex of K g ab | g w(ab) ab = 1 * * ab∈K\A and ab is not a face of any 2-simplex of K g ab .
Corollary 2.9. Let (K, w, A) be a weighted simplicial complex such that for each 2-simplex avb ∈ K, exactly 2 of the 1-simplices ab, av, vb lie in the maximal tree A. Let w be another weight function from the 1-simplices of K to Z such that for all 1-simplices ab ∈ K, either w (ab) = w(ab) or w (ab) = −w(ab).
Proof. The proof follows from Theorem 2.8 since the groups Z/w(ab) and Z/(−w(ab)) are identical.
Corollary 2.10. Let (K, w, A) be a path-connected WSC such that for each 2-simplex avb ∈ K, exactly 2 of the 1-simplices ab, av, vb lie in the maximal tree A. Suppose that either w(σ) = 1 or w(σ) = −1 for all 1-simplices σ ∈ K. Then, π 1 (K, w, A) is isomorphic to the usual fundamental group π 1 (K).
Proof. Let (K, w , A) be the WSC such that w (σ) ≡ 1 for all 1-simplices σ ∈ K. By Theorem 2.3, we have
Since w (σ) = w(σ) or w (σ) = −w(σ), by Corollary 2.9 we have
Combining both equations (2.2) and (2.3) concludes the proof.
Remark 2.11. By Corollary 2.10, we can conclude that when the weights in Examples 2.5 and 2.7 are all ±1, then the respective weighted fundamental groups are isomorphic to the usual fundamental groups.
In Section 3, we show that the weighted fundamental group of a weighted graph has a simple structure, being the free product of its usual fundamental group and the cyclic groups associated with its maximal tree (Corollary 3.3). In general, this is not the case. In fact the usual fundamental group may not appear as a free factor of the weighted fundamental group. We illustrate this in the following example.
Example 2.12. Let K be the simplicial complex (homotopy equivalent to a wedge of 2 circles S 1 ∨ S 1 ) shown in Figure 3 , where the maximal tree A is marked in bold. Suppose all the weights w ij are equal to 2. Figure 3 . The simplicial complex K with maximal tree A (marked in bold).
We can calculate that
We note that the usual fundamental group π 1 (K) ∼ = Z * Z does not appear as a free factor in π 1 (K, w, A).
Weighted Graphs
Recall that in this paper, we let K be a path-connected simplicial complex. Definition 3.1. We define a graph to be a 1-dimensional simplicial complex. A WSC (K, w, A) is said to be a weighted graph if K is a graph.
The following proposition is a weighted version of the classical result that the fundamental group of a graph is a free group (see [12, p. 242] ). Proposition 3.2. Let (K, w, A) be a weighted graph. Then π 1 (K, w, A) is a free product of cyclic groups.
To be precise, we have
where ab denotes a 1-simplex.
Proof. The proof follows from Theorem 2.8. Since a graph does not have any 2-simplices, the condition of Theorem 2.8 is trivially satisfied. Any 1-simplex ab ∈ K \ A is not a face of any 2-simplex of K, since there are no 2-simplices in K.
As a corollary, we also have the following decomposition result that relates the weighted fundamental group π 1 (K, w, A) of a weighted graph to the usual fundamental group π 1 (K).
Corollary 3.3. Let (K, w, A) be a weighted graph. Then
Proof. For a graph, the fundamental group π 1 (K) is a free group generated by the generators g ab , one for each 1- 
Hence, the result follows from Proposition 3.2.
Proposition 3.4. Let G be a free product of cyclic groups. There exists a weighted graph (K, w, A) with π 1 (K, w, A) ∼ = G.
Proof. Write
where m i ∈ Z and I is some index set.
For each generator g i of G, take a 1-simplex L i and let K = i∈I L i be the wedge sum of all such L i . Choose A = K, where we observe that A is a maximal tree of K. Let w(L i ) = m i . Then π 1 (K, w, A) is generated by the letters g Li with relations g w(Li) Li = 1. Hence, 
is a mapping of the 0-simplices (resp. 1-simplices) of K to the 0-simplices (resp. 1-simplices) of L, with the following properties:
Definition 3.6. Two weighted graphs (K, w K , A) and (L, w L , B) are said to be
where m σ ∈ Z is an integer (depending on σ), for all 1-simplices σ ∈ K.
Proof. Let {g ab | ab ∈ K} be the generators of π 1 (K, w K , A) with defining relations given in Definition 2.2. Similarly, let {h cd | cd ∈ L} be the generators of π 1 (L, w L , A) with similar defining relations.
We define a map ψ from the generators of
Hence by Lemma 4.3, ψ extends to a homomorphism f * :
Weighted van Kampen Theorem
In this section, we generalize van Kampen's theorem for the case of weighted simplicial complexes. We recall that a weighted simplicial complex (K, w, A) is a triple consisting of a path-connected simplicial complex K, a weight function w and a maximal tree A of K.
We first prove an algebraic lemma that will be used subsequently. Lemma 4.3. Let G = S | R be a group with generators S = {g i } and relations R = {r j = 1}. Let H be another group, and let φ be a function that assigns to each g i a value φ(g i ) ∈ H.
Then the function φ extends to a homomorphism φ : G → H iff for each relation
Proof. Let g i denote the free group with basis {g i }. Let N be the smallest normal subgroup of g i containing {r j }. Then, G = g i /N . Let π : g i → G be the quotient map. By the universal property of free groups, there exists a homomorphism ψ :
Then we have the following equivalent statements:
(universal property of quotient groups)
⇐⇒ there exists a homomorphism φ : G → H that extends φ.
Then the map i induces a homomorphism
We call i * the induced homomorphism of i.
Proof. Let {g ab | ab ∈ K} be the generators of π 1 (K, w K , A) with defining relations given in Definition 2.2. Similarly, let {h cd | cd ∈ L 1 } be the generators of π 1 (L, w L , B) with similar defining relations as given in Definition 2.2.
We define a map φ from the generators of
Hence by Lemma 4.3, φ extends to a homomorphism
be path-connected weighted subcomplexes of (L, w L , B) such that:
and
Proof. We first prove (4.1). By definition of weighted subcomplex, we have
∈ A 1 implies that {τ } ∪ A 1 ⊆ B contains a cycle which contradicts the fact that B is a tree. (We have used the property that adding one edge in K 1 \ A 1 to the maximal tree A 1 will create a cycle.) Similarly, if τ ∈ K 2 then necessarily τ ∈ A 2 . Hence,
To prove (4.2), note that by definition of weighted subcomplex, we have
Suppose to the contrary τ / ∈ A 0 . Then {τ } ∪ A 0 ⊆ A 1 contains a cycle which contradicts the fact that A 1 is a tree. Hence, τ ∈ A 0 . We have shown that A 1 ∩ A 2 ⊆ A 0 . This completes the proof of (4.2).
We now prove the main theorem of this section, the Weighted van Kampen Theorem. It is the weighted version of van Kampen's theorem for simplicial complexes (cf. [12, p. 243] ).
is a weighted subcomplex of both (K 1 , w K1 , A 1 ) and (K 2 , w K2 , A 2 ). Let i 1 : K 0 → K 1 , i 2 : K 0 → K 2 be the inclusion maps between (K 0 , w K0 , A 0 ) and the WSCs (K 1 , w K1 , A 1 ) and (K 2 , w K2 , A 2 ) respectively.
the free product with amalgamation of π 1 (K 1 , w K1 , A 1 ) and π 1 (K 2 , w K2 , A 2 ) with respect to the induced homomorphisms
In other words, π 1 (L, w L , B) is obtained from the free product of π 1 (K 1 , w K1 , A 1 ) and π 1 (K 2 , w K2 , A 2 ) by adding the relations i 1 * (α) = i 2 * (α) for all α ∈ π 1 (K 0 , w K0 , A 0 ).
Proof. The generators {g ab } of π 1 (L, w L , B) fall into 6 classes (depending on where the 1-simplex ab is):
(
By construction, the above 6 classes of generators are mutually exclusive. By the condition K 1 ∪ K 2 = L, the above 6 classes covers all possible cases.
The relations of π 1 (L, w L , B) similarly fall into 6 classes:
avb ∈ L will fall into exactly one class of relations of type (2), (4) or (6) .
The generators and relations of types (1), (2), (3), (4) define π 1 (K 1 , w K1 , A 1 ) while those of types (1), (2), (5), (6) 
Then
is the group generated by {g ab }, {g ab }, {g ab } subject to 9 types of relations as described:
• The first 4 types correspond to the relations of types (1), (2), (3), (4), but replacing g cd with g cd whenever cd ∈ K 0 .
• The next 4 types correspond to the relations of types (1), (2), (5), (6), but replacing g cd with g cd whenever cd ∈ K 0 .
• The final 9th type of relation is g ab = g ab for all ab ∈ K 0 . The group with the generators {g ab }, {g ab }, {g ab } and the first 8 types of relations is the free product of π 1 (K 1 , w K1 , A 1 ) and π 1 (K 2 , w K2 , A 2 ). The 9th type of relation corresponds to the amalgamation that identifies two elements of π 1 (K 1 , w K1 , A 1 ) and π 1 (K 2 , w K2 , A 2 ) that arise from the same element of π 1 (K 0 , w K0 , A 0 ).
We can also restate the weighted van Kampen theorem in terms of a commutative pushout diagram (cf. [20, p. 426] ). Then the following diagram commutes:
In the diagram, i 1 * , i 2 * , j 1 * , j 2 * are homomorphisms induced by the respective inclusion maps. The maps φ 1 , φ 2 are inclusions into the free product followed by projection onto the quotient. The morphism k is an isomorphism.
We illustrate the weighted van Kampen theorem in the following example. Figure 4 , with their respective maximal trees marked in bold. The 4 WSCs are chosen such that they satisfy
Example 4.8. Consider the path-connected WSCs in
(iv) (K0, wK 0 , A0) Note that in particular, if all the weights w 01 , w 12 , w 23 , w 34 , w 46 , w 56 , w 24 are equal to ±1, we have π 1 (L, w L , B) ∼ = Z * Z. This corresponds to the usual fundamental group π 1 (L) ∼ = Z * Z since L is homotopy equivalent to a wedge of two circles.
Similarly, by definition we can compute that 
Weighted Homology Group and Abelianization of Weighted Fundamental Group
In the paper [5] , Robert Dawson introduced the weighted homology of simplicial complexes. Subsequently, S. Ren, C. Wu and J. Wu [21, 22] generalized the definition of weighted homology, and studied the theory of weighted persistent homology. In [29] , C. Wu, S. Ren, J. Wu and K. Xia studied the weighted (co)homology of simplicial complexes by considering the φ-weighted (co)boundary operator. The approach in [29] generalizes the previous definitions of weighted homology in [5, 21, 22] . Weighted (co)homology has various applications in data analysis [22] , biochemistry [29, p. 18] and network motifs [29, p. 22] .
As an application of our definition of the weighted fundamental group, we show that the weighted fundamental group is able to distinguish between weighted simplicial complexes with the same first weighted homology group. Hence, it can be said that the weighted fundamental group contains more information than the first weighted homology group.
Example 5.1. Consider the simplicial complex K in Figure 1 . By the computations in Example 2.5, the weighted fundamental group is π 1 (K, w, A) ∼ = Z * (Z/w 01 ) * (Z/w 12 ). We can observe that different choices of weights w 01 , w 12 lead to different weighted fundamental groups.
Let ∂ 
We can verify that ker ∂ Meanwhile, both H 1 (K, w) and H 1 (K, w ) are isomorphic to Z. (The difference in weighted homology in this case is reflected in the 0-th homology group, where
A classical theorem of Poincaré (see [11, p. 166] ) states that if X is a path-connected space, then H 1 (X; Z) is the abelianization of π 1 (X). From Example 5.1, we see that Poincaré's Theorem fails in the weighted case, since the abelianization of π 1 (K, w, A) is isomorphic to Z ⊕ Z/2 ⊕ Z/4 but H 1 (K, w) ∼ = Z.
5.1.
Abelianization of Weighted Fundamental Group. In Remark 5.2, it is shown that Poincaré's theorem fails in the weighted case. Hence, it is natural to study the abelianization of the weighted fundamental group and its relation with the (weighted) first homology. 
be the quotient map. By the universal property of abelianization, there exists a unique homomorphism g : Ab(
By the universal property of direct sum, there exists a unique homomorphism h :
Let id : Ab(G 1 * G 2 ) → Ab(G 1 * G 2 ) be the identity map. Since Ab(Ab(G 1 * G 2 )) = Ab(G 1 * G 2 )), by the universal property of abelianization, we conclude that
, by the universal property of abelianization we can conclude that g • h = id. Therefore
The above arguments can be summarized in the following commutative diagrams:
Since the free product is associative, by induction we can obtain the following corollary.
Ab(G i ).
Proposition 5.6. Let (K, w, A) be a weighted simplicial complex such that for each 2-simplex avb ∈ K, exactly 2 of the 1-simplices ab, av, vb lie in the maximal tree A.
Then, Proof. The proof is obtained by applying Corollary 5.5 to Theorem 2.8.
Proposition 5.7. Let (K, w, A) be a weighted graph. Then
Proof. We apply Corollary 5.5 and Poincaré's theorem Ab(π 1 (K)) ∼ = H 1 (K; Z) to Corollary 3.3. The result then follows since Ab(Z/w(ab)) ∼ = Z/w(ab).
We also calculate an example that is not covered by Propositions 5.6 and 5.7.
Example 5.8. Consider Example 2.12, where K is the simplicial complex shown in Figure 3 . We can compute that
Lower Central Series
In [7] , Anthony M. Gaglione studied the factor groups of the lower central series for groups G that are free products of finitely generated abelian groups. In the context of Theorem 2.8 and weighted graphs (Proposition 3.2), we recall that π 1 (K, w, A) is a free product of cyclic groups. Hence we may apply Gaglione's results to study the lower central series for G = π 1 (K, w, A) for these two special cases. In general, it is considered very difficult to describe the factor groups of the lower central series of an arbitrary group (cf. [28] ). 1 ( [10, p. 160] ). Let G be a group. We define the following subgroups inductively:
The series
is called the lower central series of G.
Remark 6.2. The abelianization of G, discussed in Section 5.1, is the quotient group γ 1 (G)/γ 2 (G).
For the rest of this section, we let (K, w, A) be a weighted simplicial complex satisfying the conditions of Theorem 2.8 (which includes the case of weighted graphs). To be precise, we let (K, w, A) be a weighted simplicial complex such that for each 2-simplex avb ∈ K, exactly 2 of the 1-simplices ab, av, vb lie in the maximal tree A. Then G = π 1 (K, w, A) is a free product of cyclic groups. In particular, G is a free product of finitely generated abelian groups.
Thus, following the notation of [7, p . 173], we may write
2) such that any generator c k (0 = n 0 < k ≤ n s = r) has either infinite order or order a power of a prime p(k). In [7, p. 174] , basic commutators are further classified into 4 classes, namely G-simple, F -simple, I-simple and J-simple. We will omit their precise definitions in this paper as they are not used in the subsequent discussions.
The following is the main theorem for this section.
Theorem 6.4 (cf. [7, p. 175] ). Let G = π 1 (K, w, A), where π 1 (K, w, A) satisfies the conditions in Theorem 2.8. Then γ n (G)/γ n+1 (G) ∼ =Ḡ1n ×Ḡ 2n × · · · ×Ḡ qn ×Ḡ ∞n , where theḠ jn are as defined in [7, p. 174] .
In particular, eachḠ jn is a finite abelian p j -group for some prime p j . Also, each G ∞n is a free abelian group of rank R Let
where µ(i) is the Möbius function [10, p. 179].
Proof. When (K, w, A) satisfies the conditions of Theorem 2.8, G = π 1 (K, w, A) is a free product of finitely generated abelian groups. Hence Theorem 2.1 and Theorem 2.2 in [7, p. 175] hold. When n = 1, γ n (G)/γ n+1 (G) = Ab(G). With the help of Corollary 5.5 and Equation (6.2), we see that the rank R ∞ n is equal to m s , the total number of generators with infinite order.
Proposition 6.5. Let (K, w, A) be a weighted graph. Let G = π 1 (K, w, A) be written in the form of (6.1), (6.2) . Let m i be the number of generators among c 1 , c 2 , . . . , c ni that have infinite order.
. We also note that R ∞ 1 is the rank of (the torsion-free part of) Ab(G). Proof. By Corollary 3.3 and the fact that π 1 (K) is a free group since K is a graph, we have that m s is the sum of the rank of π 1 (K) and the number of edges ab in the maximal tree A satisfying w(ab) = 0. The result then follows from Theorem 6.4.
We also note that R ∞ 1 is the rank ofḠ ∞1 , which is the torsion-free part of
The following lemma is a useful result regarding
Lemma 6.6. Let G be a finitely generated group with generators c 1 , . . . , c n . Let N be the normal closure of the set
Proof. Since γ 2 (G) is a normal subgroup containing S, hence N ≤ γ 2 (G). On the other hand, in G/N the generators commute hence G/N is abelian. Thus N must contain the commutator subgroup, that is,
We show an example by computing the lower central series by hand and showing that it agrees with the theorems presented previously.
Example 6.7. Consider the weighted graph (K, w, A) in Figure 1 , Example 2.5. Let w 01 = 0 and w 12 = 2. Then 
We can also compute γ 2 (G)/γ 3 (G) directly. By Lemma 6.6,
We note that in the quotient group γ 2 (G)/γ 3 (G), all conjugates of a fixed commutator [c i , c j ] are in the same coset. For instance, for any g ∈ G, we have g
Therefore,
The first generator [c 1 , c 2 ]γ 3 (G) has infinite order. The other two generators have order 2 due to the relation c
We see that R ∞ 2 = 1, which agrees with the calculation using Theorem 6.4.
Tracking Location of "Birth" and "Death" of Cycles
In persistent homology [6, 30] , studying the "birth" and "death" of a homology class is of great importance. In practice, the point cloud data could be divided into several regions, and each cycle could lie in any of the regions. For instance, in the study of the brain using persistent homology [2, 16] , it could be possible that the points are divided into regions based on different locations of the brain (e.g. left brain, right brain, etc.). However, just from looking at the persistent homology groups or the barcodes it is not possible to tell the location of the cycle which is born or has died. By using suitable weights, the weighted fundamental group itself can contain some information that enables us to tell the location of the cycles which are born or has died. We illustrate this using the following example.
Example 7.1. Consider the three WSCs in Figure 5 , which form a filtration. The points in Figure 5 are divided into two regions -left and right. We may let the weights of edges on the left region be 2 and the weights of edges on the right region be 3. To be precise, we let
The presence of the free factor Z/3 * Z/3 and an extra copy of the free factor Z in π 1 (K 1 , w, A 1 ) tells us that in K 1 , a cycle is born in the right region. Meanwhile, the disappearance of a free factor Z and the appearance of an extra copy of the free factor Z/2 in π 1 (K 2 , w, A 2 ) allows us to conclude that a cycle has died in the left region. 
Application to the study of chemical molecules
We outline some applications of the weighted fundamental group to the study of molecules.
8.1.
Weights to distinguish between types of bonds. In chemistry there are different types of bonds between atoms. For example, single or double bonds between carbon atoms are common in molecules.
Fullerenes are an important class of molecules. Fullerenes are also considered as nanomaterials, which is a significant area of research in materials science [8, 18, 27] . Remarkably, a number of chemical properties of a fullerene can be derived from its graph structure [24] . Figure 6 . The fullerene C 60 , also known as "Buckminsterfullerene", has two bond lengths labelled in red and blue respectively. Drawn using Mathematica [14] .
A classical example of a fullerene is C 60 (see Figure 6 ). The fullerene C 60 has two bond lengths [15, p. 364] , labelled in red and blue respectively in Figure 6 .
The red bonds (between two hexagons) can be considered "double bonds" and are shorter than the blue bonds (between a hexagon and a pentagon).
The weighted fundamental group can be used to study molecules by assigning suitable weights to different types of bonds. For instance, single and double bonds can be assigned different weights. We illustrate the idea by the following example.
Example 8.1. Consider the two WSCs in Figure 7 , which represents the pentagon and hexagon rings in C 60 . By setting appropriate weights, the weighted fundamental group is able to distinguish between the two ring structures. For instance, we may let w K (σ) = 1 for all edges σ ∈ K. Then π 1 (K, w K , A) = Z.
On the other hand, we may let w L (v 5 v 6 ) = w(v 9 v 10 ) = w(v 7 v 8 ) = 2 (these edges represent the double bonds), while w L (τ ) = 1 for all other edges τ ∈ L. Then π 1 (L, w L , B) = Z * Z/2 * Z/2 * Z/2. 
8.2.
Distinguishing between Hamiltonian Paths. In graph theory, a Hamiltonian path is a path that visits each vertex of the graph exactly once. Hamiltonian paths have some important applications in biology. In 2018, Twarock, Leonov and Stockley [26] used Hamiltonian path analysis (HPA) to study viral genomes. Hamiltonian paths on fullerenes have also been studied [19] . A Hamiltonian path can be viewed as a maximal tree by considering the union of all the edges and vertices in the Hamiltonian path: It is path-connected and does not contain cycles (otherwise a vertex would be visited more than once) and therefore a tree. Since it contains all vertices, it is a maximal tree.
The weighted fundamental group is an algebraic invariant that can detect different maximal trees when the edges are suitably weighted (see Remark 2.6). For instance, we may give each edge a different integer weight. Hence, the weighted fundamental group can be used to distinguish between different Hamiltonian paths.
